A generalization of the method of separating longitudinal and transverse waves in electro dynamics is proposed in this paper. It consists in splitting up each Fourier-component of the wave-field 4-vector with respect to two null-vectors k and lk, where k is the Fourier vector of propagation, and lk is an arbitrary (real) function of k satisfying (lk, k) = 1 and l_k = -lkThis amounts to referring each Fourier-component of the field to a different time-axis iii the usual method of splitting up. lk may also depend on the co-ordinates of the particles of the system. The longitudinal field variables are eliminated from the Hamiltonian formulation of electrodynamics by a contact transformation; the term which then replaces the longitudinal field depends on the co-ordinates of the particles, and in general also on the transverse field variables, except when lk is independent of the co-ordinates of the particles. The work holds both in the classical and in the quantum theory.
A generalization of the m ethod of sep aratin g lo n g itu d in al an d tran sv erse waves in electrodynam ics
I n t r o d u c t io n
The main problem of electrodynamics is to treat the interaction of a system of charged particles with an electromagnetic field. In order to enable the direct passage to the quantum theory, it is necessary to put classical electrodynamics into Hamil tonian form. In this form of the theory, each particle of the system is described by a suitable Hamiltonian for the particle and the field. In field theory, the mutual interaction between the charged particles is looked upon as an indirect one: each particle influences the neighbouring field and this influence spreads out to the other particles. The total field consists of a transverse and a longitudinal part, the latter occurring only in the presence of charged particles. I t was first shown by Fermi (1930 Fermi ( , 1932 th at the longitudinal part can be eliminated from the Hamiltonian function and replaced by the static Coulomb interaction of the particles. A Hamiltonian formulation of electrodynamics which takes into account the effect of radiation reaction has been given by Dirac (1939 Dirac ( , 1943 with the help of the A-limiting process. Each particle is then described by a Hamiltonian equation involving a new field (represented by its 4-vector potential) whose properties differ slightly from those of the Maxwell field and which is called the Wentzel field. This is a wave-field and can be split up into longitudinal and transverse waves according to the usual method in a Lorentz frame having a particular direction as time-axis. This method consists in taking the whole of the time-component of the field to be longitudinal, and separating the spatial part of the field into a rotation-free (longi-tudinal) p art and a divergence-free (transverse) part. I t is then shown th a t the longitudinal waves can be eliminated from the Hamiltonian equations by means of a contact transformation, and replaced by terms giving rise to the Coulomb interaction between the particles. This procedure simplifies the equations of motion considerably, as it reduces the number of field variables in them by half. The relativistic form of the theory, however, is spoilt.
There is great arbitrariness in the method of separating the longitudinal and transverse waves under the requirement th a t the divergence-free character (in four dimensions) of the transverse waves is preserved. In the usual method, all the Fourier-components of the field are split up with reference to the same selected direction (the time-axis of the particular Lorentz frame). In this paper a general method of separation is proposed, in which each Fourier-component is split up with reference to a different (arbitrary) direction, which may depend on other variables as well as on the Fourier-component. Under certain conditions the new longitudinal waves can be eliminated from the Hamiltonian equations by means of a contact transformation. The work is carried out here in the classical theory and is so arranged th a t each step can be taken over directly into the quantum theory.
The generalized splitting up of the field may be useful in cases where the usual method is not the most suitable. As an interesting application, the problem of the motion of two interacting charged particles is considered. In this case the usual method of eliminating the longitudinal field and treating the interaction between the particles and the transverse field as small gives satisfactory results for slowly moving particles. The neglect of the terms containing the transverse field variables in the Hamiltonian equations leads to the equations of motion for the particles derived from the Coulomb potential, from which the usual classical formula for the deflexion of an electron by a heavy nucleus is obtained (Darwin 1913) . This involves the neglect of radiation damping in a certain way. For particles of large relative velocity, however, some alternative method of treatm ent of the field may be more suitable. A new way of separating the longitudinal and transverse field based on the proposed generalization is therefore introduced for this case. The neglect of the terms containing the new transverse field in the Hamiltonian equations leads to new equa tions for the motion of the particles. A new formula for the classical deflexion of a fast electron by a nucleus is thus derived and compared with the usual one.
1.
G e n e r a l s e p a r a t i o n o f l o n g i t u d i n a l a n d t r a n s v e r s e w a v e s Relativistic notation will be used, in the metric defined by
the velocity of light being unity. The scalar product of two 4-vectors a, b is denoted by (a,b) = a"6* (/t = 0 ,1,2,3).
Consider a number of charged point-particles interacting with an electromagnetic field in the classical theory. Let e{, zf, p t-be the charge, co-ordinates and momenta respectively of the ith particle, and A(x) the field at x (4-vector potential). The equations of motion of the dynamical variables are derived from the many-time Hamiltonian equations written in the usual way in terms of the momentum vector P*-e<A(z
t) (M )
In the theory which takes into account the effect of radiation reaction (Dirac 1939 (Dirac , 1943 , the field A(x) to be used in these Hamiltonian equations is taken to be given by
where Aw is the Wentzel field and X is a small time-like vector which is ultimately made to tend to zero. The z< have to satisfy the conditions where
The Wentzel field satisfies the d'Alembertian equation, which gives
and a divergence equation, which leads to the (supplementary) condition
The usual splitting up of A(x) into longitudinal and transverse waves is carried out in a particular Lorentz frame of reference. Let the (time-like) vector a specify the direction of the time-axis of this particular frame in a general Lorentz frame. In terms of Fourier-components, the splitting up is given by
where the transverse components Tkfl satisfy the relations
I t can be seen at once th at (1*9) and (1*10) give the familiar splitting up equations if one passes to a frame where a/t = (a2)* 8/l0, 8/w being the Kronecker symbol.
The equations (1-9) and (1*10) give a general form of the splitting up of the field if a is regarded as a vector th at is arbitrary, apart from satisfying the condition th a t (a,k) must not vanish identically. This condition must be imposed in order th at the equations (1*9) and (1*10) can be solved for Lk, Lk* and Tk/t. Thus a different direction a may be selected for each Fourier-component of the field, say ak, provided th a t (ak, k) 4= 0.
The transverse waves so defined are gauge-invariant (as should be the case if they are measurable quantities), since the first equation of (1*10) gives in x-space dT/l(x)/dx/l = 0. I t is seen from (1*9) and (1*10) th a t the longitudinal and transverse parts of Ak remain unchanged if ak is replaced in (1*9) by $ kak + $ kk with $k4=0. Introducing the null-vector lk defined by (1-14)
(1*15)
W ith the help of (M 3) and (1*15), the equation (1*14) gives the new L\ and as
It is not necessary at this stage to restrict lk to be real. However, lk must satisfy a suitable condition for LM (x) (and therefore also T;t(x)) to be real. This condition is ^ = L _ k/l,which gives (Ak) k) (^ -f l_k fl) + (Ak, lk + l_k) kfl = 0.
On multiplication by lk and by l t k, this leads to (lk>i-k) = 0, (Ak,lk + l_k) = 0.
%
Therefore it is necessary to impose on permissible functions lk the condition th at
The Poisson bracket relations of the variables introduced above will now be considered. If lk is a function of k only, it will have vanishing Poisson brackets with all the dynamical variables. More generally, one could take lk to be a function either of the co-ordinates zt-or of the momenta pt of the particles. In either case
From (1*6) and (1*16) one gets, by a straightforward calculation, The Poisson brackets of the longitudinal field with the transverse one should vanish (i.e., they should commute in the quantum theory), if they are variables corre sponding to different degrees of freedom. The last two equations of (1*18) show th at the condition for this is that lk = -l _ k.
(1*19)
Together with (1*17), (1*19) shows th at lk must be taken to be a real function of k. This condition and the condition (1*19) will always be assumed to be satisfied in the work th at follows. 
E l im in a t io n o f t h e l o n g i t u d in a l w a v e s
If all the dynamical variables of the system are transformed to new ones by means of a contact transformation, the new Hamiltonian equations describing the system will be just the old ones expressed in terms of the riew variables. It is possible to eliminate the longitudinal waves from the Hamiltonian equations by such a trans formation, the supplementary condition (1*8) being at the same time automatically satisfied and so dropping out from the system of field equations. The method of elimination follows th at given by Dirac (1943) for ordinary longitudinal waves, adapted to the resolution of the field into Fourier-components.
The required contact transformation can be built up from infinitesimal contact transformations, in which each dynamical variable £ is transformed according to dr
[£<'>,(?"] (O ssr^l), ( 2-1)
from its initial value £(0) = £ to its final value £(1) = £' say, with
= iS , e,f( Af>, If') exp [»(k, z f )] dk. (2-2)
From the Poisson brackets of-the last section one finds th at lkT) = lk and z( / ) = zf. Since (t(t) is expressible in terms of LkI(T) (by (1-16) ), which has vanishing Poisson brackets with the transverse waves, T^T) is also independent of r. Taking £(r) = in (2*1), one has <*4g
where (1'6) and (1*19) have been used. By integration with respect to r this gives
The transformation of the p £ is given by The left-hand side of (2-7) is the expression (1*1), in function of which the Hamil tonian equation of the ith particle is written (both in the classical and in the quantum theory). The right-hand side of (2-7) is expressed in terms of the new dynamical variables introduced by the contact transformation; the longitudinal field variables have been eliminated and replaced by the two terms containing integrals. The first integral contains in general transverse field variables referring to all the particles
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(not only to the ith one), but it vanishes if dl^/dz^ = 0. The second integral depends on the co-ordinates of the particles and the choice of lk, but not on any field variables. I t is interesting to examine when the term corresponding to = i ('self-energy') in the summation over j in this integral vanishes. This term is of the form summable. In particular, the ' self-energy ' vanishes if ak depends only on the direction of k, so that a wk = aak for any m, where m and a are non-vanishing scalars, since the power series above reduced to their respective first terms in this case. If the lk are such that the corresponding ak may be taken independent of k, the last term of (2*7) gives, after passing to the limit A-»0,
If the a are also independent of all the zt, the first integral on the right-hand side of (2-7) vanishes, and (2*10) agrees with the result given by Dirac (1943) in a reference frame where -(a2)1 In the single-time Hamiltonian theory, (2-10) th leads to the electrostatic Coulomb potential of the particles.
One could also consider the case where the lk are functions of k and of the p,-. The contact transformation (2*1) with (2*2) then makes the new zt-depend on the Ak, thus leading to difficulties. This case is therefore abandoned.
Up to this point, each step taken in the classical theory above can be carried over into the quantum theory. The right-hand side of the supplementary condition (1*8) must be applied onto the wave-function. One arrives at the same result (2-7) with both sides of th a t equation applied onto the wave-function. a s s ic a l d e f l e x i o n o f a n e l e c t r o n b y a n u c l e u s As an application of the general theory above, consider the problem of the inter action of two charged particles, say an electron and a nucleus, in the classical theory.
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The usual method, where the field is split up with reference to a selected time-axis, taken to be the direction of the initial velocity 4-vector of the nucleus, leads to the Coulomb interaction. If the interaction with the transverse field and the nuclear recoil are neglected, the following (relativistic) formula for the angle of deflexion < f) of an electron, which is supposed coming from infinity, is obtained (Darwin 1913; Schonland 1922) 
Here 0 is taken to be positive when the deflexion is towards the nucleus, b0 = E = charge of the nucleus, -e = charge of the electron, m = r tron, vx = spatial part of the initial 4-velocity of the electron, and b is the impact parameter. For small angles of deflexion one can put^/(l -( )2) « 1, and (3*1) gives
A different method of splitting up the field will now be introduced. The initial velocity 4-vectors of the nucleus and of the electron determine a set of parallel two-dimensional planes in space-time, which is taken as reference for defining the ak. These may be defined by the following geometrical method.
Only such functions ak will be considered whose direction depends only on the direction of k, so th at a^ = aak for any m, where m and a are non-vanishing scalars. The direction of ak (which determines the splitting up) is specified by its point at infinity, A(K) say, where K is the point a t infinity of the direction of k. All the points at infinity of space-time form a 3-dimensional projective space S%. The ^-m e tric in space-time defines a null-quadric in S%. The selected set of parallel planes has a line r in th at intersects the null-quadric. The problem of defining the direction of ak is equivalent to the problem of defining in a point-function A(K), where K is a variable point on the null-quadric, by means of projective operations, the line r being used as reference. Since the ak ha ve to satisfy (1*11), the point A(K) must not lie on the polar plane of K. The condition (1*20) is automatically satisfied.
The function A{K) may be defined as follows. Consider the plane [rA] through the line r and the point K (figure 1). The polar line of r, f say, does not lie on this plane and it therefore intersects this plane in a point, O say. Take A(K) = for all the points K of the null-quadric which lie on the plane [rK\.
To express A (A) analytically, introduce homogeneous co-ordinates X fl, X i (p = 0,1,2,3) into space-time by putting = X /(/X v The points of S% have X4 = 0, and the null-quadric is given by X ItX " = (X, X) = 0. Let be a pair of polar points on r, such th at P lies outside and Q inside the null-quadric. The co-ordinates of P and Q satisfy the equation ( On returning to non-homogeneous co-ordinates in space-time, and dropping the part parallel to k, which makes no change in the splitting up of the field, this gives The choice of ak above is the only simple one. For instance, the intersection of OK with r, [OK,r] = M say, taken as A(K) leads to the same result (3*3), and does the choice as A(K) of any point on the line OK. Further, if S, T are the two points where r intersects the null-quadric, one might think of taking the harmonic conjugate No f Mw ith respect to S, T a,sA(K), but this is not permissib can be shown to lie on the polar plane of K. Other choices for ak are more com plicated and artificial, and so are not of interest.
Take a Lorentz frame of reference in which the nucleus is initially at rest at the origin, with the zx-axis parallel to the spatial part of the initial 4-velocity of the electron, and the z3-axis orthogonal in three-space to the plane of motion. The points at infinity of the z0-axis and the zx-axis are two polar points on r, which can be taken as the points Q and P introduced above, so th at qfl and p/t = 8^ in (3*3). Then (1*12) gives h/i -(&o ft/io + ^ id pi ~ -k\). (3) (4) (5) two particles is straightline and uniform before and after z*. In a relativistic theory, where the velocity of the particles is always finite, they will change their direction of motion by a finite angle at the instant z* due to the ^-potential. I t may be pointed out that with such a ^-potential it would be physically wrong to neglect the nuclear recoil. The two sets of equations (3 
